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Abstract
There is a Nahm transform for two-dimensional gauge fields which establishes a one-
to-one correspondence between the orbit space of U(N) gauge fields with topological charge
k defined on a torus and that of U(k) gauge fields with charge N on the dual torus. The
main result of this paper is to show that a similar duality transform cannot exist for CPN
instantons. This fact establishes a significative difference between 4-D gauge theories and
CPN models. The result follows from the global analysis of the moduli space of instantons
based on a complete and explicit parametrization of all self-dual solutions on the two-
dimensional torus. The boundary of the space of regular instantons is shown to coincide
with the space of singular instantons. This identification provides a new approach to
analyzing the role of overlapping instantons in the infrared sector of CPN sigma models.
1. Introduction
Two-dimensional sigma models have long been used as a testing ground for a variety
of ideas in non-perturbative Quantum Field Theory, especially because of some remarkable
similarities with non-Abelian gauge theories in 3+1 dimensions [1] (for a review emphasizing
this connection, see [2]).
They are scale invariant at the classical level and asymptotically free at the quan-
tum level, some possess topological winding numbers, instantons, a chiral anomaly when
coupled to fermions and generate a dynamical mass by non-perturbative effects at zero
temperature and a thermal mass ∼ g2T at finite temperature. In this respect the O(3)
nonlinear σ-model with action
S =
1
8g2
∫
d2x (∂µ~n · ∂µ~n), ~n
2(x) = 1, (1.1)
has been very extensively studied, specially by its numerous interesting applications to
condensed matter: (anti) ferromagnetism, Hall effect, Kondo effect, etc (see Ref. [3] for a
review stressing this point of view). The model has also been used to analyze the sphaleron
induced fermion-number violation at high temperature [4]. By setting ~n = Ψ†~σΨ with a
normalized Ψ ∈C2, the action (1.1) can be rewritten in the equivalent form
S =
1
2g2
∫
d2x |DµΨ|
2
, with |Ψ(x)| = 1 and Aµ = −iΨ
†∂µΨ. (1.2)
It is invariant under gauge transformations Ψ → eiλ(x)Ψ and hence Ψ(x) may be viewed
as an element in CP1.
There are two natural generalizations of the O(3) ∼ CP1 model: O(N > 3) models
with action (1.1) but with ~n ∈ SN−1 and CPNmodels with action (1.2), but with Ψ ∈CPN
instead of CP1 [5] [6]. In contrast to the O(N) models they possess instanton solutions
for all N, and a θ term can be added to the action so that their topological properties can
be explored [7]. These models are expandable in 1/N and have been solved in the large
N limit [8]. The role of instantons and related sphalerons [9] is crucial for physical effects
at θ 6= 0 [10]. In this paper we shall mainly be interested in the structure of spaces of
instantons and hence shall only consider the CPNextensions of the O(3)-model.
In particular we shall focus on the search of a variant of the Nahm transform for
2-dimensional models. In 4-dimensions this remarkable duality transformation relates dif-
ferent instanton moduli spaces of gauge theories formulated on the four-torus [11]. More
explicitly, it transforms a charge k self-dual (instanton) SU(N) gauge potential A on T4
into a charge N self-dual U(k) potential Aˆ on the dual torus Tˆ 4 as follows:
(Aˆµ)ij(u) = −i
∫
T
4
d4x ψu†i (x )
∂
∂uµ
ψuj (x ), (1.3)
1
{ψuj , j = 1 . . . , k} being k orthonormal zero-modes of the Dirac operator with shifted
potential Aµ + 2πuµ1, where the constant piece u parametrizes the dual torus. This
transformation being involutive means that the moduli space MNk of SU(N) instantons
with charge k is equivalent to MkN that of SU(k) instantons with charge N .
Our search for a corresponding Nahm transform for CPNmodels on the two-torus was
motivated by the observation that the complex dimension of the moduli space for charge
k instantons in CPN is
dim MNk = k(N + 1), k > 1, (1.4)
exhibiting a duality that may be conjectured to hold at the level of moduli spaces, MNk ≈
Mk−1N+1. This conjecture was further prompted by the fact that there are no charge 1
instantons on the 2-torus for any value of N [12][13], a property shared with gauge theories
on the 4-torus [14] [15]. Similarly as for gauge theories this would be a consequence of
such a duality, since there is no CP0 instanton. If this duality exists the dynamics of the
CPN models should simplify in sectors with large k, as it happens for large N .
The aim of the paper is to analyze the existence or not of a generalized Nahm transform
for these sigma models. Hence we shall only analyze the instantons on a torus, the only
Riemann surface whose dual (Jacobian) is also a torus. This kind of compactification of
space time corresponds to the choice of periodic boundary conditions which are appropriate
for the study of finite temperature effects [4].
The space time compactification also presents some technical advantages. The action
of an instanton does not depend on the parameters of moduli space. This then leads to
zero-modes of the fluctuation operator in the instanton background. One expects that for
each parameter in moduli space there is one associated zero-mode or that the number of
zero-modes is not smaller than the dimension of the moduli space. This expectation is not
fulfilled for the sigma models on R2: if one varies some moduli parameter of the instanton
one finds non-normalizable zero-modes [16]. In a compact space this can never happen,
thus in our case both methods of counting the dimension of moduli spaces of instantons
are equivalent.
Since CPN spaces admit a Ka¨hler structure, 2-dimensional CPN -models can be ex-
tended toM=2 supersymmetric theories. More general purely bosonic or supersymmetric
nonlinear sigma models with Ka¨hler target spaces have been studied on topologically triv-
ial space-times by several authors, see [17]. All these models admit regular instanton
solutions, the topological charge of which appears as lower BPS-bound on the action.
In addition to the regular instanton solutions these models possess singular ones.
Although they are usually ignored, it has been pointed out recently that these singular
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configurations may be of relevance for some topological field theories [18]. In particu-
lar, their contribution to the renormalization group flow of supersymmetric theories and
correlation functions of topological invariants seems to be crucial.
We shall analyze singular instantons as boundary configurations of moduli spaces of
regular instantons. In particular, we shall discuss if they can appear as limit case of strongly
overlapping regular instantons as it happens for 4-dimensional Yang-Mills instantons [19].
This paper is organized as follows: In the next section we briefly recall the basic
features of classical 2-dimensional CPN -models and their instanton solutions. Section
3 contains a detailed analysis of zero-modes of the associated Weyl operator on the 2-
dimensional torus. In the following section we study the zero-modes for the shifted gauge
potential and explicitly construct the Nahm transform for two-dimensional gauge fields. In
particular, we show how this transformation maps U(1) gauge fields with charge k over a 2-
dimensional torus into U(k) gauge fields with charge 1 over the dual torus. Section 5 deals
with the global structure of CPN moduli spaces of instantons on T2. A general method for
their construction is proposed. It is based on properties of the fiber bundles associated with
the U(1) connection, and yields a complete description of the moduli spaces MNk . Some
simple examples are worked out explicitly. The relevant topological properties of these
spaces are investigated in section 6. The main result is that no invertible Nahm transform
for regular instantons can exist since the corresponding moduli spaces are topologically
distinct. In section 7 we investigate the role of singular instantons as limiting cases of
strongly overlapping regular instantons. A summary of our results and conclusions are
contained in section 8.
2. Instantons in CPN models
The classical CPN model in 2 Euclidean space-time dimensions is defined by the action
S =
N
2g2
∫
d2x |DµΨ|
2
, DµΨ =
(
∂µ − iAµ
)
Ψ, (2.1)
where Ψ(x) = (Ψa(x)), a = 0, . . . , N is a (N+1)-component complex field with values in
CPN+1. We consider Ψ(x) to be normalized
|Ψ(x)|2 =
N∑
a=0
|Ψa(x)|
2 = 1 (2.2)
and configurations differing by a phase factor are identified,
Ψ(x) ∼ eiα(x)Ψ(x). (2.3)
3
The action includes a covariant derivative Dµ = ∂µ − iAµ with respect to the composite
U(1) gauge field defined in terms of the sigma field by
Aµ(x) := −iΨ
†∂µΨ. (2.4)
With this gauge field the symmetry (2.3) can be restated as a usual U(1) gauge invariance.
Indeed, the action (2.1) is invariant under the phase transformation (2.3) of Ψ(x) if at the
same time the composite field Aµ transforms as a true U(1) connection,
Aµ → Aµ + ∂µα(x), (2.5)
as it follows from its very definition. Actually, one may view Ψ and Aµ in (2.1) as inde-
pendent fields. The algebraic equations of motion for the gauge potential are then just
(2.4).
A topological charge (instanton number) can be defined
k =
1
2π
∫
d2xF12 =
1
2πi
∫
d2x εµν∂µΨ
†∂νΨ =
1
8πi
∫
d2x εµνDµΨ
†DνΨ. (2.6)
This charge takes integer values for smooth configurations with finite action, and thus the
space of configurations splits into disconnected instanton sectors.
Application of the Cauchy-Schwartz inequality to DµΨ, iεµνDνΨ yields
S ≥
Nπ
g2
|k|, (2.7)
The minimal action is reached by solutions of the first order equations
DµΨ(x) = ∓iεµνDνΨ(x). (2.8)
Antiselfdual solutions correspond to instantons (−sign and k > 0), and selfdual solutions
to anti-instantons (+sign and k < 0).
In complex coordinates z = x1+ix2 the (anti)selfdual equations (2.8) can be written
as follows
Dz¯Ψ = (∂z¯ − iAz¯)Ψ = 0 instantons
DzΨ = (∂z − iAz)Ψ = 0 anti− instantons,
(2.9)
where the complex components of the gauge field are Az =
1
2
(A1−iA2), Az¯ =
1
2
(A1+iA2).
This provides the first characterization of the solutions as holomorphic solutions with
respect to the holomorphic bundle structure induced by the gauge field A.
In summary, up to some common normalization factor the components of instanton
field solutions are holomorphic sections of a line bundle over space-time. In the plane there
4
is an infinite dimensional space of solutions, but only the constants have a finite action
and k = 0. In the torus T2 the different holomorphic structures are parametrized for fixed
k by the points of the dual torus Tˆ 2 and the space of instantons has a finite dimension
[12][13].
The topological charge of such a solution is the sum of multiplicities of the zeros of any
non-trivial component of Ψ. From now on we concentrate on instanton solutions (k > 0).
The anti-instanton case is analogous.
3. CPN -models on the torus and Fermionic zero-modes
We may view the torus as R2 modulo a two-dimensional lattice Λ generated by two
vectors e1 and e2. For simplicity we will restrict to orthonormal vectors eµ and use dimen-
sionless coordinates. In the sector with instanton number k we shall choose as transition
functions Uµ relating the fields at x and x+ eµ,
Ψa(x+ eµ) = Uµ(x)Ψa(x) , A(x+ eµ) = A(x)− iU
†
µ(x)dUµ(x), (3.1)
the gauge transformations
U1 = e
iπkx2 and U2 = e
−iπkx1 . (3.2)
This means that A is defined on a non-trivial line bundle Ek(T
2,C). In two dimensions
any gauge field A induces a holomorphic bundle structure on Ek (in four dimensions this
only holds for self-dual gauge fields). Hence there is a local complex gauge transformation
h such that
Az¯ = ih ∂z¯ h
−1 and Dz¯ = ∂z¯ + h ∂z¯ h
−1, (3.3)
which trivializes the connection A (see e.g. Ref. [20]).
Next we construct and discuss the zero-modes of the Dirac operator on the 2-
dimensional Euclidean torus. By the index theorem the number of right-handed minus
the number of left-handed zero-modes of the Dirac equation,
/DAψ = 0
depends only on the first Chern class of the gauge field. Since there are only zero-modes of
one chirality the total number of such modes in the fundamental representation is k. Since
they have definite chirality they are completely determined by one non-trivial component
in the Weyl basis, i.e. by one ordinary complex function ψ which we will identify with the
spinor field ψ itself.
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Hence, in complex coordinates a zero-mode solves the Weyl equation
(∂z¯ − iAz¯)ψ = 0, k > 0 (3.4)
and must satisfy the same boundary condition (3.1) as the components of Ψ. Thus the
fermionic zero-modes fulfill the same differential equation and boundary conditions as the
components of the sigma field Ψ.
After trivializing the connection as in (3.3) the Weyl equation becomes a holomorphic
condition,
Dz¯ ψ = 0⇐⇒ ∂z¯ χ = 0, where ψ = hχ.
However, as pointed out earlier, if k 6= 0 the transformation h cannot be globally defined
and this shows up in the the change of boundary conditions between ψ and χ,
χ(z + 1) = U˜1(z)χ(z) , χ(z + i) = U˜2(z)χ(z),
where
U˜µ(z) = h
−1(x+ eµ)Uµ(x) h(x)
is holomorphic. The holomorphic character of the U˜µ also reflects the fact that any holo-
morphic section χ defines the holomorphic structure of the bundle Ek associated to the
gauge field A.
Now we consider the particular gauge potential
AI1 = −πkx
2, AI2 = πkx
1, or AIz¯ =
i
2πkz, (3.5)
which gives rise to a constant field strength F01 = 2πk and instanton number k. The
complex gauge transformation trivializing AI reads
h = e−πkzz¯/2 (3.6)
and the χ satisfy the holomorphic boundary conditions with transition functions
U˜1 = e
(1+2z)πk/2 and U˜2 = e
(1−2iz)πk/2. (3.7)
The zero-modes can be conveniently expressed in terms of Jacobi’s theta functions
ϑ
[
a
b
]
(τ) =
∞∑
n=−∞
eiπτ(n+a)
2
e2πi(n+a)b
= η(iτ) e2πiabq
a
2
2
− 1
24
∏
n>0
(
1 + qn+a−
1
2 e2πib
)(
1 + qn−a−
1
2 e−2πib
)
,
(3.8)
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where we have set q = e 2πiτ . These holomorphic and quasi-periodic functions have the
following shift properties
ϑ
[
a+m+ nτ
b
]
(τ) = e2πin(a+b/τ+n/2τ) ϑ
[
a
b
]
(τ) (3.9)
and possess first order zeros at the points
τa+ b ∈ {m+ 12 + τ(n+
1
2 ), m, n ∈ Z}. (3.10)
In terms of these θ-functions a basis of linearly independent zero-modes reads
ψℓ(x) = (2k)
1
4h(x)χℓ(z), χℓ(z) = e
πkz2/2ϑ
[
z+ ℓk
0
]
(ik) (3.11)
and ψℓ has k zeros at the following points on the torus:
x1 =
〈
1
2 −
ℓ
k
〉
, x2p =
〈
1
k (
1
2 + p)
〉
, p = 1, 2, . . . , k, (3.12)
where 〈a〉 denotes the unique element in the lattice {a+Z} lying in [0, 1). The basis {ψℓ}
is orthonormal,
(ψℓ, ψℓ′) =
∫
T
2
ψ∗ℓψℓ′ = δℓℓ′ .
Let xℓp ∈ T
2, p = 1, . . . k, be the k zeros of ψℓ. Then their sum is independent of ℓ and is
given by
k∑
p=1
xℓp =
〈
k
2
〉
e modulo Λ, where e = e1 + e2. (3.13)
That (for fixed k) the sum of the zeros is the same for all ψℓ (modulo the lattice defining the
torus), follows from the fact that all holomorphic sections χl(z) satisfy the same boundary
conditions. This statement holds true for any choice of a zero-mode basis.
Under a translation by 1/k in either of the two directions on the torus the space of
zero-modes is left invariant. This is expected on general grounds and is needed for the
Nahm transform. More explicitly, let ψ denote the k-dimensional column vector with
entries (ψ1, . . . , ψk). Then the transformations read
ψ(x+ 1
k
e1) = e
iπx2S1ψ(x) and ψ(x+
1
k
e2) = e
−iπx1S2ψ(x), (3.14)
with unitary k × k matrices
S1 =


0 1
. . .
. . .
0 1
1 0 0

 and S2 =


α 0 0
0 α2 0
. . .
0 0 αk

 , α = e−2πi/k, (3.15)
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satisfying
Sk1 = S
k
2 = 1 and S1S2 = αS2S1. (3.16)
These shift identities are consistent with the position of the zeros of ψℓ given in (3.12).
Note that ψ may be viewed as a zero mode of the U(k) potential AI1 on the smaller torus
with circumferences 1/k and with instanton number 1. The last relation in (3.16) just
guarantees that
eiπx
2
S1 and e
−iπx1S2
in (3.14) are consistent U(k) transition functions on the smaller torus, that is, they satisfy
the cocycle conditions with periods 1/k.
We could as well have taken an alternative set of orthonormal zero modes,
ψ˜(x) = Sψ(x), S†S = 1. (3.17)
For example using the zero-modes
ψ˜ℓ(x) = (2k)
1
4 e−πkz (z¯+z)/2ϑ
[
iz+ ℓ
k
0
]
(ik) (3.18)
instead of the ones in (3.11) amounts to exchanging x1 and x2 in the formulae above. With
respect to the new basis one again finds the shift identity (3.14) with the replacements
Sµ −→ S Sµ S
−1.
The algebraic relations (3.16) remain intact and hence are independent of the choice of
basis.
4. Nahm transform of gauge fields on 2-dimensional torus T2
Let A be an arbitrary two-dimensional U(N) gauge field with topological charge
c1(A) =
∫
T
2
trF12(A)
defined on a torus T2. Its Nahm transform is defined in terms of the zero-modes of the
Weyl operator for a shifted vector potential
Auµ = A
I
µ + 2πuµ1 (4.1)
which has the same topological charge. By the index theorem the dimension of the space
of zero-modes of /DAu is k. Let {ψ
u
j ; j = 1, 2, · · ·k} be an orthonormal basis of zero-modes.
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The Nahm transform assigns to the U(N) gauge potential A a U(k) potential Aˆ on the
dual torus Tˆ 2 with topological charge N as follows:
(Aˆµ)ij(u) = −i
∫
T
2
d2x ψu†i (x )
∂
∂uµ
ψuj (x ), (4.2)
Note that this construction does not require any special constraint on the original gauge
field A as it does in four dimensions where A must be selfdual. This is because any
2-dimensional gauge field defines a holomorphic structure in the corresponding bundle,
whereas in four dimensions this is true only for self-dual gauge fields.
Sigma model fields are associated to Abelian gauge fields. But the Nahm transform
does not preserve the Abelian character as we shall see below. This already is the first
indication that it might be problematic to extend the Nahm transform to sigma models.
To analyze this problem let us now apply the Nahm construction to the Abelian field (3.5).
An orthonormal basis of the zero-modes of the Dirac equation for a shifted vector
potential
Auµ = A
I
µ + 2πuµ or A
u
z¯ =
i
2πkz + πw, w = u
1 + iu2, (4.3)
can be constructed from the solutions with u = 0 by shifting the arguments [21]
ψuℓ (x) = e
iπ(u,x) ψℓ
(
x+ 1
k
ε u
)
, ε =
(
0 1
−1 0
)
. (4.4)
For later purposes it is useful to discuss some properties of these zero-modes:
The k zeros of these modes are related to those of the ψℓ by the shift in (4.4),
x1p ∈
〈
1
2 −
1
k (ℓ+ u
2)
〉
and x2p ∈
〈
1
k (
1
2 + u
1 + p)
〉
, p = 1, . . . , k. (4.5)
Hence two different modes share no common zero unless u ∈Z2.
From (4.4) and (3.14) one sees at once that the vector ψu transforms in the same way
as ψ when either x1 or x2 is translated by 1/k,
ψu(x+ 1ke1) = e
iπx2S1ψ
u(x) and ψu(x+ 1ke2) = e
−iπx1S2ψ
u(x), (4.6)
where the matrices Sµ have been introduced in (3.15) .
The k-dimensional subspace spanned by the zero modes is also left invariant by the
following simultaneous rotations of x and u:
(x, u) −→ (εnx, εnu), n ∈ {0, 1, 2, 3}. (4.7)
This can be seen by checking that the transformed states satisfy the same differential
equation and boundary condition as the original ones. These rotations are represented by
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unitary k × k matrices on the subspace spanned by the zero-modes. They are a remnant
of the rotation symmetry on the torus for constant field strength.
In addition, the idempotent transformation
(x, u) −→ (x′, u′) = ( 1kεu,−kεx) (4.8)
is projectively represented on the eigenmodes
ψu
′
(x′) = e−2πi(x,u)ψu(x). (4.9)
Under simultaneous translations of x and u the zero modes are invariant, up to a
phase
ψu+α
(
x) = eiπ(α,x+
1
k
εx)ψu
(
x+ 1
k
εα
)
. (4.10)
Later in this paper this shift identity will be rather important.
Finally note, that for u 6= 0 the holomorphic gauge transformation (3.6) does not
trivialize the gauge field Au anymore. The modified trivializing transformation reads
hu(x) = e−
pi
2
(kzz¯+ 1
k
ww¯−2i z¯w), w = u1 + iu2.
It not only transforms the unitary basis (4.4) into a z-holomorphic basis but also into an
w-holomorphic basis,
ψuℓ = (2k)
1
4 hu(x)χwℓ (z), χ
w
ℓ = χℓ(z −
i
k
w), (4.11)
where the χℓ have been introduced in (3.11). This is the essential feature of the Nahm
transform. It follows that the Nahm transformed gauge field Aˆ = (Aˆℓℓ′), defined by the
Mukai-Nahm construction,
(Aˆw¯)ℓℓ′
def
= − i
(
ψuℓ , ∂w¯ ψ
u
ℓ′
)
= −i
(
ψuℓ , ψ
u
ℓ′
)
(hu)−1∂w¯ h
u =
iπ
2k
w δmodkℓℓ′ (4.12)
is a reducible U(k) gauge field with constant field strength on the dual torus. The dual
torus is given by
Tˆ
2 = R2/ Λˆ, (4.13)
where with our choice for the shift in (4.1) the dual lattice Λˆ is generated by the two
orthonormal vectors eˆµ = eµ. In real notation the potential Aˆ takes the simple form
Aˆ1 = Aˆw + Aˆw¯ = −
π
k
u21 , Aˆ2 = i(Aˆw¯ − Aˆw) =
π
k
u11.
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The transformed gauge potential is only apparently Abelian. The non-Abelian char-
acter of this U(k) bundle can be seen from the peculiar boundary conditions of the holo-
morphic structures induced by Aˆ. The corresponding transition functions which relate u
and u+ eµ on the dual torus,
ψu+e1(x) = Uˆ1ψ
u(x) , ψu+e2(x) = Uˆ2ψ
u(x) (4.14)
are determined by the shift identity (4.10) and the transformation properties (4.6) as
follows,
Uˆ1 = e
2πix1+ i
k
πu2Sˆ1 and Uˆ2 = e
2πix2− i
k
πu1Sˆ2, (4.15)
where
Sˆ1 = S
−1
2 and Sˆ2 = S1.
Recall that the non-Abelian elements Sˆµ generate a finite non-Abelian subgroup of U(k)
Sˆkµ = 1, Sˆ1Sˆ2 = e
−i 2π/k Sˆ2Sˆ1. (4.16)
The last relation guarantees that for any fixed x the ψu are sections of a U(k)-bundle over
the dual torus Tˆ 2 with coordinates u:
Uˆ2(u+e1) Uˆ1(u) = Uˆ1(u+e2) Uˆ2(u). (4.17)
The first Chern class of this bundle follows from the fact that the (non-Abelian) Nahm
transformed gauge potential Aˆ is just k times any of its diagonal elements, hence
∫
T
2
trF (Aˆu) = 2π =⇒ c1(Aˆ
u) = kˆ = 1.
It can be shown that the Nahm transform of Aˆ is A, i.e. the Nahm transformation is invo-
lutive. It is a particular case of the more general Mukai transform defined for holomorphic
sheaves (which do not necessarily define holomorphic bundle structures)[14][22]1.
1 see also [23] for a view closer to physical applications
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5. Instantons in T2
Let us consider an instanton field Ψ on the torus with charge k, that is, a solution of
(2.9) subject to the boundary conditions (3.1) . The associated U(1) gauge potential A is a
connection defined in a line bundle Ek with first Chern class c1(Ek) = k. The holomorphic
structure associated to A in Ek is globally equivalent to one of the A
u described in the pre-
vious section. This means that there is a global (periodic) complex gauge transformation
g: T 2 → C \{0} such that
Az¯ = g
(
Auz¯ + i ∂z¯
)
g−1 and Dz¯ = g (∂z¯ − iA
u
z¯ ) g
−1. (5.1)
Therefore, up to U(1) gauge transformations the N+1 components of Ψ can be expressed
in terms of the k independent solutions ψuℓ of the zero mode equation (4.4) as follows,
Ψ =
1√
ψu†A†Aψu
Aψu, where A =


a 10 a
2
0 · · · a
k
0
a 11 a
2
1 · · · a
k
1
· · · · · ·
· · · · · ·
a 1N a
2
N · · · a
k
N

 . (5.2)
Hence, any instanton solution is characterized by a point u in the dual torus Tˆ 2 and a
(N+1)×k matrix A subject to certain constraints given below. This characterization
provides a constructive method to describe the moduli space of instantons with charge k.
The projective nature of the sigma fields Ψ implies that matrices differing by a non-
vanishing multiplicative factor must be considered as equivalent,
A ∼ λA, λ 6= 0, (5.3)
because they give rise to the same instanton field. Furthermore, in order to satisfy the
sigma model condition Ψ†(x)Ψ(x)=1 theAψu should never vanish (ψu ∈Ck never vanishes
since the ψuℓ have no common zeros) and this imposes a constraint on A. Finally, because
of the boundary conditions (4.14) we have the identifications
(u,A) ∼ Tˆµ(u,A) =
(
u+eµ , AUˆ
−1
µ
)
, (5.4)
since the two pairs give rise to the same Ψ ∈ CPNand hence must be identified. There is
no further identification since a shift u → u + α with α /∈Z2 cannot be compensated by
a (necessarily) unitary matrix. This would not be compatible with ψu being a section of
the U(k)-bundle over the dual torus with charge 1.
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In order to understand the remaining constraint on the A matrices let us consider a
simple example. It is the basic instanton of charge k of the CPk−1 model defined by the
basis (4.4) of zero-mode sections of Ek,
Ψu∗ =
1√
ψu†ψu
ψu. (5.5)
In the (A, u) parametrization this solution corresponds to Ψu∗ = (u,1k). Notice that in this
case the constraint is satisfied because sections of the basis (4.4) do not have a common
zero [24].
It is not hard to find sufficient conditions on A for Ψ to be normalizable. Clearly, the
denominator in (5.2) (
ψu†A†Aψu
)1/2
is never zero if det(A†A) 6= 0. Since the rank of the k × k matrix A†A is less or equal
that min(k, N+1), this can only be fulfilled for k ≤ N+1. Hence in this case the maximal
rank condition is sufficient, i.e.
ker
{
A : Ck → CN+1
}
= 0 if k ≤ N + 1. (5.6)
However, even in that case this condition is not necessary. The fact that Ψ(x) has to be a
non-null vector for any point x requires that the matrix A be viewed as a projective map
CPk−1 → CPN from rays of CPk−1 into rays of CPN . This just means that the kernel of
A must not lie in the image of ψu(x) for any x on the torus, that is
range(ψu) ∩ ker(A) = ∅. (5.7)
Otherwise Aψu will have zero norm at some point and will not be a true sigma model field.
Notice the compatibility of this constraint with the identifications (5.4). This concludes
the characterization of instanton solution and provides an explicit procedure for a global
description of the moduli space.
Before discussing the subtleties related to (5.7) in the general case we consider some
simple examples of moduli spaces MNk . First of all is clear that
MN0 = CP
N and MN1 = ∅ for N > 0.
In the first case because Ψu = 0 for u 6= 0 and Ψ0 is an arbitrary constant vector in CPN .
The second case follows from the fact that for k = 1 there is only one zero mode ψu which
has exactly one zero on T2. Then all N+1 components of Ψ would vanish at this point
and hence it could not be normalized.
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A simple non-trivial case where the moduli space can completely be constructed is
M12, that is, the charge 2 sector of the CP
1 model. Since the range of the basic instanton
Ψu∗ completely covers CP
1 the constraint (5.7) if fulfilled if and only if the matrix A is
regular. In this case the sufficient condition (5.6) is also a necessary one. Since A maps
into CP1 we may impose det A=1 and identify A with −A. It follows that the equivalence
classes of matrices are to be regarded as elements of SL(2,C)/Z2 =PSL(2,C).
Because of the identifications (5.4) the moduliM12 is just a non-trivial bundle over the
dual torus (with coordinates u) with fiber PSL(2,C). The bundle structure is determined
by the coset defined by the lift of the action of the discrete translation group Z×Z on the
bundle Cˆ× PSL(2,C), given by [13]:
Z× Z = {(Tˆ n11 , Tˆ
n2
2 ); n1, n2 ∈ Z}, (5.8)
where Tˆ1 and Tˆ2 are the basic generators defined in (5.4). The final result is that
M12 =
Cˆ× PSL(2,C)
Z × Z
. (5.9)
In the general case the construction of the moduli space is more involved since the solutions
of the constraint (5.7) are not so explicit. But once we have identified the embedding of
the space-time torus T 2 into CPk−1 given by the basic instanton Ψu∗ , the set of allowed
matrices can be parametrized as follows: The basic instanton solution Ψu∗ defines a map T
2
→Ck. Consider all linear subspaces Vn of C
k of dimension n<k having empty intersection
with range(Ψu∗ ). The space of matrices A which define regular instantons for a fixed u can
be identified with the pairs (Vn,B) defined by the subspaces Vn and the non-degenerate
linear maps B mapping the orthogonal complement V ⊥n of Vn into the target space C
N+1.
This means that the moduli space of instantons can be identified with a bundle over
the dual torus with fiber isomorphic to the product V ×PL0(k−n,N+1) of the set V of Vn
subspaces and the set PL0(k−n,N+1) of non-degenerate projective maps from CP
k−n−1
into CPN . The bundle is defined by modding out the trivial bundle V×PL0(k−n,N+1)×Cˆ
by the lift of the discrete translation group Z×Z given by (5.4).
To illustrate how the construction works let us consider a simple non-trivial case
in some detail: M23. In this case we have a dense subset M
2
3(0) which is given by the
bundle over the dual torus with fiber PSL(3,C)=SL(3,C)/Z3, the equivalence classes of 3×3
matrices with det A = 1. The complex dimension of the sub-manifold, dim M23(0) = 9,
equals that of the total space M23. However there is another sub-bundle inM
2
3 with lower
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dimension. The fibers of this sub-bundle M23(1) are the classes of 3×3 matrices with one-
dimensional kernel V1 which does not intersect the image of the map ψ
u
∗ : T
2 →C 3. The
complex dimension of this subbundle is six. The total space is the union of the two strata,
M23 =M
2
3(0) ∪M
2
3(1). (5.10)
the second being the boundary of the first one. Notice that the subset of the second
stratum M23(1) associated to a fixed kernel can be identified with M
1
3.
6. Global properties of the moduli of instantons
The complex dimensions of the moduli spaces are
dimMNk = (N+1) k
as follows at once from our matrix representation of the CPN -fields. Note that this number
is invariant under the interchange of the instanton number k and the number N+1 of sigma
field components.
In the case k ≥ N+1 there is a natural stratification of the moduli spaces,
MNk =
k−2⋃
n=k−N−1
MNk(n) , (6.1)
according to the dimension n = dimkerA, but this does not mean that the moduli space
is not a smooth manifold. From the matrix parametrization it is obvious that MNk is
smooth, although it might seem hidden by the stratification (6.1) introduced in Ref. [25].
Moreover, MNk is a Ka¨hler manifold [17] and the associated Riemannian structure plays
an important role in accurate semiclassical expansions of CPN models [13]. The matrix
parametrization permits to analyze the global features of these geometric structures, in
particular, the incompleteness of the Riemannian metric, but we shall only focus into the
analysis of the global topological structure of these moduli spaces. Below we summarize
some of the relevant results.
MNk is non-empty and connected for any k > 1 and N > 1, i.e. π0(M
N
k ) = 0.
MN0 =CP
N , and M1k = ∅ for k > 1. The simplest non-trivial moduli space is M
1
2, and
because of the identification (5.9) we have
π1(M
1
2) = Z2 × Z × Z. (6.2)
The next case MN2 has also a non-trivial bundle structure over the dual torus. Its fiber
Eu is the projective set PL(2, N + 1) of equivalence classes (N+1) × 2 matrices A with
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detAA† 6= 0, which can be identified with the subset of the projective space CP2(N+1)−1
defined by excluding rays of the form (λ1~a, λ2~a) ∈ C
N+1×CN+1. This fiber Eu =PL(2, N)
is homeomorphic to CPN × CN+1. The bundle structure is defined by the coset defined
by the lift of the action of the translation group Z×Z to the bundle Cˆ×PL(2, N) given by
(5.8) . Thus,
π1(M
N
2 ) = Z2 × Z × Z. (6.3)
A more complex moduli space is M1k. In this case the fiber Eu is identified with the
(projective) set PL(k, 2) of 2×k matrices A with maximal rank 2 whose kernel has an
empty intersection with Ψu∗ (x) for any x on the torus. In terms of the nodes of the
corresponding CP1 field, the fiber Eu can be seen as homeomorphic to the set of k pairs
(ai, bi) ∈ T
2 × T2 (for i = 1, 2, · · · , k), satisfying the following constraints
k∑
i=1
ai ∈
〈
u+ k
2
e
〉
,
k∑
i=1
bi ∈
〈
u+ k
2
e
〉
and ai 6= bj ∀i, j. (6.4)
That means that the sum of the zeros are the same (modulo Λ) for both components of
the CP1 field since they fulfill identical boundary conditions. The space of nodes of any
of the two components of Ψ is homeomorphic to CPk−1 (see appendix). The space Z of
zeros of the two components of Ψ satisfying the constraint of having no common nodes is
a bundle over CPk−1 with fiber CPk−1 − C, where
C =
{
{ai, bi} ∈ T
2 × T2
∣∣ i = 1, 2, . . . , k, with ai = bj for some i, j}.
The first homotopy group of Z is
π1(Z) = F2 × Z
k−3,
where F2 is the free group with 2 generators, i.e. the first homotopy group of a bouquet
of two circles S1 ∨ S1. This follows from the following characterization of C: The second
component Ψ2 of the sigma field Ψ must be a holomorphic section of the line bundle
Ek without common zeros with the first component Ψ1. Let a1, a2, . . . , ak be the zeros
of Ψ1. There is only one constraint (6.4) on the position of these zeros. It is always
possible to choose a different point b in T2 such that b 6= ai for any i = 1, 2, . . . , k. It is
obvious that the points a1, . . . , ak−1, b will never satisfy the constraint (6.4). Then, the
space of vectors Cˆ whose rays are in C is given by all vectors in the subspaces Ψ(a1) =
0,Ψ(a2) = 0, . . . ,Ψ(ak) = 0. The space of all holomorphic sections of Ek is parametrized
by the coordinates (α1, α2 · · ·αk) defined by α1 =Ψ(a1), . . . , αk−1 =Ψ(ak−1), αk =Ψ(b).
In this parametrization Cˆ is made out of the first k− 1 coordinate hyperplanes αi = 0 , i =
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1, . . . , k−1 and the extra hyperplane Ψ(ak) = 0. Then, CP
k−1 − C can be identified with
C×Ck−3∗ ×C∗∗, where C∗∗ denotes the complex plane C without two points 0, 1. From this
construction it is obvious that π1(CP
k−1 − C) = F2 × Z
k−3. Then, the first homotopy
group of constrained 2 × k matrices PL(k, 2)c has a non-trivial non-Abelian homotopy
group π1(PL(k, 2)c) = F2 × Z
k−3 × Z2. This implies that the first homotopy group of the
moduli space M1k is
π1(M
1
k) = F2 × Z
k−1 × Z2. (6.5)
These topological properties of moduli spaces of instantons (6.3) and (6.5) are very differ-
ent which will be in contradiction with the existence of any kind of Nahm transform for
CPN sigma models. This turns out to be the major physical consequence of the results of
this section.
The fact that the space of unit charge instantons is empty is reminiscent of a similar
property of the orbit space of Yang-Mills fields with charge one instantons on the torus T4
[14][15]. In that case, it appears as a consequence of the existence of Nahm transform and
the fact that there are no U(1) instantons. This analogy suggests that perhaps the same
property for CPN instantons can be derived from a similar duality transform. In addition,
the dimensions of MNk and M
k−1
N+1 are the same.
A first indication that the Nahm transform might not exist for the CPN models arises
from the fact that the transform Aˆz of the Abelian potential Az associated with Ψ is non-
Abelian and thus cannot be associated to a CPN field on the dual torus. One direct way
of checking whether such a duality exists is to compare topological properties of MNk and
Mk−1N+1.
Now, the topological structures of MN2 and M
1
N+1 given by (6.3) and (6.5) are very
different for N>1. This already allows us to exclude the existence of an invertible Nahm
transform, at least in these cases. The same topological non-equivalence holds for more
general moduli spaces, which excludes the existence of a generic duality transformation.
The only case where these topological arguments fail to exclude the existence of a (gener-
alized) Nahm transform is the selfdual moduli spacesMNN+1 because of the trivial identity
between both moduli spaces.
7. Compactification of moduli spaces and singular instantons.
The moduli spaces of instantons analyzed in the previous sections have natural com-
pactifications obtained by adding the boundaries consisting of the matrices A which do
not satisfy the constraint (5.7). These configurations correspond to fields which do have
common zeros in all its components. Properly speaking these are not CPN fields because
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at these common points they do not define maps T2 →CPN . These points can also be
seen as singular points when one introduces the normalization factor to have a unit norm
representation of the field Ψ. These singular points can be interpreted as centers of singular
instantons. It is envisable to consider the existence of common zeros as an effective charge
reduction induced by the appearance of singular instantons. This observation provides
additional information about the structure of the boundary of MNk in M
N
k .
The resulting moduli space MNk is compact and has a bundle structure over the
dual torus with compact fiber CPk(N+1)−1. This compactified moduli space is stratified
according to the number of common zeros of the different components of the field [18]. The
generic dense stratum contains all regular instantons. The other strata consist of singular
instantons. The degree of singularity is parametrized by the number of common zeros.
This is reminiscent of a similar phenomenon occurring in Yang-Mills theory [19].
A single singular instanton can be viewed as a regular one with one topological charge
less and with a pointwise singularity at a point x0. In fact, we can generate singular
instantons by adding such singularities to all regular instantons of lower charges, which
gives a complete characterization of the subspace of singular instantons. Let Ψ be a
(pointwise normalized) CPN instanton configuration of charge k. One can obtain a singular
instanton Ψ˜ of charge k+1 by simply multiplying each component of Ψ by the phase of a
theta function carrying unit charge:
Ψ˜ =
ϑ1(z − z0|i)
|ϑ1(z − z0|i)|
Ψ. (7.1)
Observe that this phase has a singular point at the zero of the theta function, z = z0. The
corresponding holomorphic line bundle structure is shifted to u+ z0.
The associated gauge potential splits into the previous, charge k piece and a new
contribution coming from the singular phase:
A˜z¯ = −iΨ˜
†∂z¯Ψ˜ = Az¯ + az¯, (7.2)
where
az¯ = −ie
−i arg ϑ1(z−z0|i)∂z¯ e
i arg ϑ1(z−z0|i) =
i
2
∂z¯ϑ1(z − z0|i)
ϑ1(z − z0|i)
. (7.3)
The additional contribution to the topological charge density is singular
1
4π
εµνfµν(x) = −
2i
π
∂zaz¯(x) =
1
4π
∇2 lnϑ1(z − z0|i) = δ
(2)(x− x0), (7.4)
corresponding to a unit point charge at x0. Thus the total topological density is
1
4π
εµν F˜µν(x) =
1
4π
εµνFµν(x) + δ
(2)(x− x0). (7.5)
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The same singular behavior appears in the new distribution of the energy density and this
nicely illustrates the effect of including singular instantons.
Although the physical interest of singular configurations is not yet understood, field
configurations in the vicinity of singular instantons appear in the regular space. To further
clarify the structure near singular instantons we shall consider some interesting cases.
A regular instanton in the bulk of M13 can be built by choosing the parameters of
the matrix A in such a way that the two components of the CP1 field have well separated
nodal points (e.g. the instanton configuration shown in fig.1.)
0
0.5
1
0.5
1
Figure1. Energy density distribution of a CP1 regular instanton u = 0, A =
(
2
√
2 2 0
0.9 0 0
)
with
charge k = 3 inM13
We can approach the boundary of the moduli of regular instantons by choosing pa-
rameters of A in such a way that the nodal points of the two components of Ψ are very
close to each other. We are near a singular instanton and find peaks in the energy den-
sity located on the nodal points showing the strong localization of energy and topological
charge on singular instantons.
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00.5
1
0.5
1
Figure 2. Energy density distribution of a CP1 regular instanton u = 0, A =
(
2
√
2 2 0
0 0.1 −i
)
with charge k = 3 close to one singular instanton inM13.
In the limit case we obtain a charge 3 instanton with one singular instanton and two
regular ones. The picture is quite similar to Fig.2 with two lumps in the topological density,
corresponding to two interacting instantons of charge 2 and finite size, and one singular
instanton which is not shown in the numerical simulation.
Another way of approaching the boundary of the moduli space is by choosing one of
the components of Ψ very small. In this case we approach a completely singular instanton
with k singularities and one null component.
Now, the identification of single instantons in a multi-instanton configuration is not
always clear. In fact, there are strongly overlapping configurations where it is hard to
identify the constituent instantons. In Fig. 3 the configuration seems to contain four
lumps whereas its total charge is k = 2.
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00.5
1
0.5
1
Figure 3. Energy density distribution of a CP1 regular instanton u = 0, A =
(
1 0
0 1
)
with
charge k = 2 inM12
Moreover, the interaction between instantons can be very involved and we can find
densities with the shape of a volcano as in Fig. 4 which seems to describe a ring of
instantons whereas its total topological charge is k = 2.
0
0.5
1
0.5
1
Figure 4. Energy density distribution of a CP1 strongly interacting regular instanton u = 0, A =(
0.42− 0.72i 0.27− 0.47i
−0.49− 0.85i −0.10− 0.18i
)
with charge k = 2 inM12
Strongly interacting instantons dominate in dense gas regimes whereas isolated in-
stantons are more relevant for dilute gas phases. In general it is very dificult to identify
the number of instatons of a single configuration in dense regimes. This difficulty increases
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in numerical simulations where the leading configurations are not exact selfdual solutions
and are made of instantons and anti-instantons.
In any case, singular instantons appear as a limiting case of small size instantons.
In particular, they are responsible for the geodesic incompleteness of the moduli space of
regular instantons [13]. Such configurations become of physical interest in supersymmetric
CPN theories where they are important to localize topological Green functions in the
corresponding topological field theory [18].
We close with some more general remarks about the possible role of singular instan-
tons: The semiclassical expansion in a dilute gas of instantons has a different behavior
depending on the number of components of the sigma model. For N > 1 the expansion
is dominated by large instantons and we cannot trust this approximation to describe the
deep infrared behavior of the theory [26]. In particular, their relevance for the confinement
mechanism is unclear. On the other hand, for the CP1 model the expansion is dominated
by instantons of small sizes because of the different β function [26]. In the extreme case,
singular instantons carry the leading effects and this is self-consistent with the dilute gas
approximation. However, an ultraviolet regularization is in any case necessary. In lattice
regularization the size of small instantons is bounded below by the lattice spacing and as a
consequence the scaling properties of the topological susceptibility are changed. This leads
to difficulties when one approaches the continuum limit [26][27]. The above discussion in-
dicates that a continuum approach is feasible. Although similar effects are expected to
occur, they might be less severe and lead to the stabilization of the ultraviolet catastrophe
seen in the lattice approach.
In some sense the appearance of singular instantons is a dual effect of the existence of
reducible instantons. A CPN instanton is reducible when it can be considered as living in
a lower dimensional CPN−1 projective subspace of CPN . Reducible instantons belong to
the strata ofMNk associated with matrices A with rank lower than N . In the compactified
moduli spaceMNk there are two classes of strata, one corresponding to reducible instantons
and the other to singular instantons. In one case there is a charge reduction and in the
other a dimension reduction. The role of the two kinds of strata are interchanged when
we compare the dual cases MNk and M
k−1
N+1. If we exclude both types of instantons we
are left with the modular space of generic regular instantons. The global structure of the
space of generic regular instantons in Mk−1k is much simpler. It is always a bundle with
the dual torus as basis and as typical fiber the group PSL(k,C), twisted by the boundary
conditions (5.4).
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8. Conclusions
The global structure of the moduli space of instantons in the CPN model on a torus
has a more explicit description than for Yang-Mills theory. However, this by no means
implies that its geometrical and topological properties are simpler. In fact, in the case
of gauge theories there exists a Nahm transform establishing a one-to-one correspondence
between two a priori very different moduli spaces of instantons,MNk andM
k−1
N+1. We have
shown that such a map cannot exist for the CPN sigma models.
We have identified the boundary of the space of regular instantons with the space of
singular instantons. This identification of singular instantons as boundary configurations
of the space of regular instantons provides a new approach to the analysis of the physical
role of overlapping instantons in a dense gas and in topological field theories. The role of
instantons in the confinement mechanism seems to be very different in the CP1 model and
higher N models. The dominance of small or large instantons indicates a critical transition
or crossover between these two regimes. The behavior of the theory in the presence of a θ
term is also very much dependent on the regime and size of leading instanton contributions.
In particular, the CP1 model shows a second order phase transition at θ = π whereas in
higher N models it is not yet known whether a similar transition exists or not. It is
very plausible that the instantons will play a role in the presence or absence of such a
transition. If that case the global structure of MNk analyzed in this paper is expected to
have interesting physical effects.
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Appendix. Nodal structure of holomorphic sections
Here we establish the connection between two different geometric characterizations of
the space of holomorphic sections of a complex line bundle which have been used in the
paper. First, it is clear that this space is linear. On the other hand the holomorphic sections
are characterized up to a constant by its zeros (divisors). From the relation between the
two approaches it follows that the space of zeros of non-trivial holomorphic sections has a
projective space structure. Let us discuss in detail how this projective structure emerges.
Indeed, the space of holomorphic sections of a complex line bundle on the torus with
Chern class k is a linear space isomorphic to Ck. Let us consider the basis introduced in
(4.11),
χwℓ (z) = χℓ(z −
i
kw), χℓ(z) = e
πkz2/2ϑ
[
z+ ℓk
0
]
(ik), (.1)
for the holomorphic structure defined by w = u1+ iu2 in Ek(T
2,C). With this choice for
the basis any holomorphic section in Ek is given by the expansion coefficients cℓ in
ψ(z) =
k∑
ℓ=1
cℓ χ
w
ℓ (z), (.2)
The nodes of χwℓ (z) are simple zeros and define the following lattice
zm,n =
i
k
w −
ℓ
k
+
(
m+
1
2
)
+
(
n+
1
2
) i
k
, m, n ∈ Z. (.3)
Hence, there are k such zeros in the fundamental domain and the section belongs indeed
to the bundle of charge k. The boundary conditions
χwℓ (z + 1) = e
πk(z+1/2−iw/k)χwℓ (z) and χ
w
ℓ (z + i) = e
−iπk(z+i/2−iw/k)χwℓ (z) (.4)
have been derived in the main body of the paper. They depend on w ∈ Tˆ 2 which has been
introduced to shift the gauge potential.
To discuss the topology of the CPN fields it is advantageous to use an alternative
parametrization of the sections for which the nodal structure is explicit (but linearity is
not). It is given by the product representation
Θ(z) =
k∏
i=1
e
pi
2
{(z−ai)
2+(1−i)z}θ1
(
z−ai| i
)
, ϑ1(z|i) =
∑
n
(−)ne−π(n+z−
1
2
)2 . (.5)
Each ϑ1(z − ai|i) has zeros at the points of the lattice ai + Λ, i.e. only a simple zero
within the fundamental domain. Coalescence of some of these zeros is allowed. Θ fulfills
the boundary conditions
Θ(z + 1) = eπk(z+1)−πa+iπk/2 Θ(z) , Θ(z + i) = e−iπk(z+i) + iπa−iπk/2 Θ(z), (.6)
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where a =
∑
ai. They must coincide with those in (.4) in order to have a parametrization
of the same space. This gives rise to the following constraint on the ai in (.5)
k∑
i=1
ai = iw +
k
2
(1 + i). (.7)
It is easy to see that this sum is identical to that obtained for the nodes in (.3).
Since quasiperiodic meromorphic functions on the torus are determined, up to a mul-
tiplicative constant, by the boundary conditions and the position and degeneracy of their
zeros, one should be able to write all sections (.5) in the form (.1) by mapping the nodal
configuration into the set of complex coefficients cℓ.
Assume then, for a given configuration {a1, . . . , ak} of nondegenerate zeros (the de-
generate case will be discussed below) that
Θ(z) =
k∑
ℓ=1
cℓ χ
w
ℓ (z). (.8)
Then, the k conditions Θ(ai) = 0 imply the following homogeneous set of equations for
the coefficients cℓ, ∑
ℓ
Biℓ cℓ = 0, where Biℓ = χℓ(ai). (.9)
The equivalence of both parametrisations implies that the matrix B = (Biℓ) has rank
k−1 or that its kernel is one-dimensional. Hence the linear system (.9) determines the
coefficients cℓ, up to an overall factor. The overall constant may be fixed by matching the
values of the sections in both parametrisations at a non-nodal point. In cases where some
zero is degenerate one proceeds in an anologous way. A node a with multiplicity r yields
r conditions Θ(a) = Θ′(a) = . . . = Θ(r)(a) = 0, and the corresponding rows in B consist
of derivatives of χwℓ (z) at a.
Hence, any section has the product representation
ψ(z) = λ
k∏
i=1
e
pi
2
{(z−ai)
2+(1−i)z} θ1
(
z−ai| i
)
(.10)
The parameter space for non-trivial holomorphic sections consists of a nonzero complex
constant λ and k points on T2 subject to the constraint∑
ai = iω +
k
2
(1 + i) mod Λ. (.11)
As an example consider k = 2 and take w = 0. Then the constraint on the two nodes reads
a1 + a2 = 1 + i. (.12)
An unambiguous parametrization of the positions of the zeros fulfilling this constraint is
achieved by picking the node a1 in the region 0 < Re a1 <
1
2
, together with the segments
Re a1 = 0, 0 ≤ Im a1 ≤
1
2
and Re a1 =
1
2
, 0 ≤ Im a1 ≤
1
2
. The following figure shows the
remaining identifications one needs to make:
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Figure 4. The domain R for a1 with the necessary identifications.
This region with identifications is homeomorphic to a two-sphere S2. The parameter λ in
(.10) contributes a positive constant |λ| and a phase arg λ. This phase takes values in the
fiber of a principal U(1) bundle over S2, and to identify it, we need to compute the first
Chern class
c1(P ) =
1
4πi
∮
∂R
(d lnψ − d lnψ∗) =
1
2πi
∮
∂R
d lnψ, (.13)
where R is the region defined above. Since
lnψ = lnλ+ lnϑ1(z − a1|i) + lnϑ1(z − a2|i) + Polynom (z), (.14)
only the theta function associated with the unique zero a1 ∈ R is relevant for the contour
integral in (.13). Moreover, from the infinite product expansion for thetas, only a sine
factor contributes:
c1(P ) =
1
2πi
∮
∂R
d lnϑ1(z − a|i) =
1
2πi
∮
∂R
d ln sin[π(z − a)] = 1, (.15)
yielding unit Chern class by the residue theorem. Then the U(1) fibration on S2 is the
Hopf bundle S3.
The topologically nontrivial space R4 \ {0} is the union of all 3-spheres with radii
|λ| ∈R+. The null section ψ(z) = 0 belonging to a singular instanton completes it to the
contractible space R4 ≈ C2.
This construction generalizes to arbitrary k, since the space of k points on the torus
with fixed sum is topologically equivalent to CP k−1. The phase arg λ defines the sphere
S2k−1 as a principal U(1) bundle over this projective space. The space of sections R2k ≈
Ck is constructed as before with the null section and all S2k−1 with positive radii. Charge
2 is a particular case since CP 1 ≈ S2.
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